ABSTRACT This paper is concerned with the stochastic stability problem for discrete-time Markovian jump systems (DTMJSs) with time-varying delays. Two cases are discussed in the main results. On the one hand, it is assumed that the transition probability can be known. In this case, by constructing the LyapunovKrasovskii functional and using some summation inequalities to estimate its forward difference, a new stochastic stability criterion of DTMJSs can be obtained, which has less conservatism than existing results. On the other hand, by utilizing the homogeneous polynomial approach, the novel delay-dependent stability condition of DTMJSs with uncertain transition probability is proposed. Finally, the results of numerical simulations demonstrate the effectiveness of the proposed methods.
I. INTRODUCTION
In practical engineering systems, time delays are often encountered as well as may led to bad performance even instability. Examples are networked control systems, chemical reactions processes, biological engineering areas and electric servomotors [1] - [5] . In literature, a series of papers addressed the analysis and synthesis problems of time-delay systems [6] - [11] . In [8] , the so-called Abel lemma is helpful to establish the stability condition. Also, the delay partitioning technique is utilized to analysis the stability for timedelay systems in [9] . Moreover, an increasing number of effective technologies are proposed to deal with the influence of time-delays, which is useful to to improve the feasibility region of the proposed stability criteria.
On the other hand, the actual control process will be faced with system malfunction and abrupt change due to component failures or repairs, failure-prone manufacturing systems, and subsystem interconnections changing. As a result, Markovian jump systems (MJSs) have received tremendous attention which are popular for modeling the random abrupt variations in their structures. Noted that as a special kind of complex stochastic systems, the discrete-time Markovian jump systems (DTMJSs) with time delays can describe a large number of random interference factors in system dynamics including abrupt faults, external disturbance, sudden environment changing and so on.
It is well known that the most important key for studying the stability analysis problem of delayed MJSs is to seeking the less conservative delay-dependent criterion [12] , [13] , which is useful to improve control performance. To date, a great deal of excellent approaches have been extensive applied in recent works [14] , [15] , [15] - [26] . Specially, the reciprocally convex approach [16] , Jensen inequalities [17] and free-weighting matrix method [27] adopted in stability analysis of delayed MJSs via Lyapunov stability theory. In addition, the triple summation terms are added in the Lyapunov-Krasovskii functional (LKF), which is helpful to obtain some less conservative stability criteria [28] . Furthermore, it should be emphasized out that the information about transition probability (TP) of stochastic systems could not be known exactly in practical implementation. One crucial obstacle here is the complexity arising from the interaction among the stability analysis, Lyapunov-Krasovskii functional design, the bound of time delays and uncertain transition probability. Therefore, to obtain the less conservative delaydependent stability conditions in the cases of uncertain TP, it is necessary to overcome these obstacles, which motivates the current investigation.
In this paper, the problem of stability analysis for a class of DTMJSs with time-varying delays is investgated in both cases of exact TP and uncertain one. Compared with the existing delay-dependent stability conditions of delayed MJSs, the main contributions of this work are as follows.
1) When the TP of MJSs is exactly known, the appropriate summation inequalities given in Lemmas 2 and 3 are used to scale the functional difference of the candidate LKF. Then, the novel delay-dependent stability criteria is presented based on Lyapunov stability theory. 2) To overcome the main difficult on stability analysis, a new homogeneous polynomial approach is introduced in this work. First, the uncertain TP can be rewritten as the polynomial form with parameters δ. Then, by constructing the novel LKF dependent on the homogeneous polynomial Lyapunov matrix P i (δ) and combining the appropriate enlargement techniques, the new stochastic stability criterion of delay MJSs is proposed even in the case of uncertain TP. 3) According to numerical comparisons, it can be seen that the proposed stochastic stability conditions are less conservative and more effective than the existing results. This paper is organized as follows. Section II provides the preliminaries and problem statement. The stochastic stability conditions of delay MJSs are presented in Section III. In Section IV, three numerical examples are used to illustrate the results have less conservative and effectiveness of the method. Finally, conclusions are drawn in Section V.
Notations: Throughout this paper, let R n and R n×m denote the n-dimensional Euclidean space and the set of all n × m real matrices , respectively. For a vector or matrix A, its transpose is denoted by A T . I is the identity matrix of compatible dimension. The notation P > 0 means that P is real symmetric and positive definite matrix. Let( , F, P) be a complete probability space. such that
where E{·} stands for the mathematical expectation operator. For given a positive integer m and a pair of vectors l =:
n and m! l 1 !l 2 !···l n ! , respectively. Set ϕ S j (r) = {a ∈ N S j : a 1 = r}, where · 1 denotes the 1-norm of vectors, which is the sum of absolute values of all elements. For g i ∈ N, i ∈ S, we write 
II. SYSTEM DESCRIPTION AND PRELIMINARIES
On a complete probability space ( , F, P), consider the following autonomous DTMJS with a time-varying delay:
where x(k) ∈ R n is the state vector, ϕ(k) is a vector-valued initial function, A(·) and A d (·) are known matrix functions of appropriate sizes, {r(k), k ≥ 0} is a discrete-time homogeneous Markovian chain which takes values in a given finite set S = {1, 2, . . . , S}, h(k) is a time varying delay satisfying
where h 1 and h 2 are known positive integers representing the lower and upper bounds of h(k), respectively. Let := [π ij ] denote the transition probability matrix with
Obviously, π ij ≥ 0 and
For notational simplicity, for each possible mode r(k) = i ∈ S, the matrices A(r(k)) and A d (r(k)) are denoted as A i and A di , respectively.
Definition 1: System (1) is said to be stochastically stable if
The objective of this work is to establish the stochastic stability conditions for the DTMJS (1) with the uncertain transition probability. For this end, the following lemmas are required.
Lemma 1 [4, Lemma 4] :
Lemma 2 [2, Lemmas 1 and 3]:
For given a positivedefinite symmetric matrix R ∈ R n×n , two integers a and b with b > a, and a map x : [a, b] → R n , the following inequalities hold:
where
Hereafter, let is the forward difference operator in the mean-square sense, that is
The following result is obtained by using b − 1 and x instead of b and x in Lemma 2, respectively.
Lemma 3: For given a positive-definite symmetric matrix R ∈ R n×n , two integers a and b with b − a > 1, and a map x : [a, b] → R n , the following inequalities hold:
2 .
III. MAIN RESULTS
In this section, we will establish the stochastic stability criteria for the autonomous DTMJS (1) when the transition probabilities are certain and uncertain, respectively.
A. THE CASE OF CERTAIN TRANSITION PROBABILITIES
When the transition probabilities are certain, the following theorem provides a stochastic stability criterion for the DTMJSs (1). For simplicity, denotẽ
and
Furthermore, set
and 4 = col(e 3 − e 5 , e 3 + 2e 5 − 6e 8 ), 5 = col(e 2 − e 6 , e 2 + 2e 6 − 6e 9 ), 6 = col(e 4 − e 7 , e 4 + 2e 7 − 6e 10 ).
Theorem 1:
The autonomous DTMJS (1) with time-delay satisfying (2) is stochastically stable if there exist matrices
2) of appropriate sizes such that the following inequalities hold for all i ∈ S and α ∈ {0, 1}:
Proof: Choose the stochastic LKF for system (1) as follows:
According to (5) in Lemma 3, it is easy to get
. The combination of (9), (18) and Lemma 1 gives that
Next substituting (8), (17) and (19) into (15), we can get
Also, it follows from (6) of Lemma 3 that
Combining (8), (16), (21) and (22), we have
It follows from (11)- (14), (20) and (23) that
Note that α(k) ∈ [0, 1] and i (α(k)) is dependent affinely upon α. From (10), we can get V (x(k), i) < 0, the following the procedure is similar to [12] , hence the autonomous DTMJS (1) 
Corollary 1: The autonomous discrete-time system (25) subject to (2) is asymptotically stable if there exist matrices
of appropriate sizes such that the following inequalities hold for all α ∈ {0, 1}:
and the other symbols are defined as in Theorem 1.
Proof: The proof is similar to the one of Theorem 1. Remark 2: Different from [7] , [29] , [30] , this paper introduces the triple-summation items into the LKFs to derive less conservative stability criteria.
Remark 3: In this paper, we employ an improved reciprocally convex approach (Lemma 1 below) to estimate the forward difference of LKF, which can result in less conservative stability criteria.
Remark 4: In the proof of Theorem 1, we introduce the coefficients like
into the augmented vector η(k). As a result, the obtained stability criterion is the form of LMIs, which can easily checked by using the MATLAB Toolbox YALMIP.
B. THE CASE OF UNCERTAIN TRANSITION PROBABILITIES
In this subsection, we will consider the case of the uncertain TP in the DTMJS (1). Assume that the (i, j)-th element of has the following form:
for i, j ∈ S, where π
ij , . . . , π (S i ) ij are known constants, and δ i1 , . . . , δ iS i refer to the uncertainties satisfying S i s=1 δ is = 1 and δ is ≥ 0 for s = 1, 2, . . . , S i . Next, for the case of uncertain transition probabilities we will employ the so-called homogeneous polynomial approach, that is, use the homogeneous polynomial matrix P i (δ) instead of P i in the proof of Theorem 1, where
Theorem 2: Consider the uncertain transition probability matrix is described as previously. For given g, d, b ∈ N S , the DTMJS (1) with time-delay satisfying (2) is stochastically stable if there exist matrices , 2 ) of appropriate sizes, such that the inequalities (9) and the following inequalities hold for all i ∈ S, a ∈ ϕ(g + d), α ∈ {0, 1} and β ∈ ϕ(g + b + 1 S ):
where Proof: According to Theorem 1, it suffices to show that if the LMIs (30) and (31) are feasible, then so are the LMIs 
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This, together with (30) , implies that the inequalities guarantee P i (δ) > 0. In addition, we can obtain the follow equations from (32) and (33),
Therefore, we have
Furthermore, we can obtain
From (31), we can getˆ i (α) < 0. The proof is completed. Remark 5: Every element of the matrix P i (δ) in the proof of Theorem 2 is a homogeneous polynomial in δ, so we call P i (δ) as the homogeneous polynomial Lyapunov matrix. 
IV. ILLUSTRATIVE EXAMPLES
In this section, two examples are given to illustrate the usefulness and effectiveness of the results obtained previously.
Example 1: Consider a two-modes Markovian jump system (1) with time-varying delay and the following parameters: By applying the Toolbox YALMIP of MATLAB to solve the LMIs in Theorem 1 and Remark 1, respectively, the obtained results are listed in Table 1 . In order to present the effect of our approach, the results obtained from [7] , [29] , [30] are also given in Table 1 . Clearly, the approach proposed in this paper delivers less conservative results than the other ones. Simulation result is given in Figures 1 and 2 , which illustrates our theoretical results. 
Case 2 (The Transition Probability Matrix
Is Uncertain): When h 1 = 4 and h 2 = 30, it is seen from Table 1 that Theorem 1 or Remark 1 can not be used to judge the stochastic stability of the system under the consideration here. Next, we try to judge its stochastic stability by using the homogeneous polynomial approach (i.e.,Theorem 2).
Assume that S = 2, and the vertices π . By simple computation, it can be obtained that By Theorem 2, the considered two-modes Markovian jump system is stochastically stable. This demonstrates the validity of the homogeneous polynomial approach proposed in this paper.
Example 2: Consider a discrete-time system arise in sampled data control system: [8] 
where T > 0 is a sampling period, Table 2 . And this example has been already checked in [2, Proposition 6 ] for the case of constant delay. A comparison with [8] is provided in Table 3 . It is clearly seeing the benefits of Corollary 1 in our paper.
V. CONCLUSION
In this study, we have investigated the stochastic stability problem for a class of DTMJSs with time-varying delays. Firstly, the stochastic stability criterion is proposed by utilizing appropriate summation inequalities and Lyapunov stability theory when the transition probabilities of Markovian parameter are exactly known. Secondly, a homogenous polynomial approach is introduced in the case of uncertain transition probabilities. By employing a homogenous polynomial Lyapunov matrix to overcome the intricate product terms between the Lyapunov matrix and the transition probabilities parameters, the less conservative stability conditions for delayed DTMJSs is obtained. Finally, the numerical examples have been provided to illustrate the advantage of the proposed methods.
